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3.3 Key Equations

3.3.1 Expanded forms of the Continuity Equation

Rectangular coordinates:

∂ρ

∂t
+

∂

∂x
(ρvx) +

∂

∂
(ρvy) +

∂

∂z
(ρvz) = 0

Cylindrical coordinates:

∂ρ

∂t
+

1

r

∂

∂r
(ρrvr) +

1

r

∂

∂θ
(ρvθ) +

∂

∂z
(ρvz) = 0

Spherical coordinates:

∂ρ

∂t
+

1

r2

∂

∂r
(ρr2vr) +

1

r sin θ

∂

∂θ
(ρvθ sin θ) +

1

r sin θ

∂

∂φ
(ρvφ) = 0

Table 3.1: The equation of continuity in the three primary coordinate sys-
tems.
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Rectangular coordinates:

∂vx

∂x
+

∂vy

∂y
+

∂vz

∂z
= 0

Cylindrical coordinates:

1

r

∂

∂r
(rvr) +

1

r

∂vθ

∂θ
+

∂vz

∂z
= 0

Spherical coordinates:

1

r2

∂

∂r
(r2vr) +

1

r sin θ

∂

∂θ
(vθ sin θ) +

1

r sin θ

∂vφ

∂φ
= 0

Table 3.2: The equation of continuity for fluids of constant density in the
three primary coordinate systems.
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3.3.2 Expanded forms of the Equation of Motion

ρ

(
∂vx

∂t
+ vx

∂vx

∂x
+ vy

∂vx

∂y
+ vz

∂vx

∂z

)
= −∂P

∂x
−

(
∂τxx

∂x
+

∂τyx

∂y
+

∂τzx

∂z

)
+ ρgx

(3.29)

ρ

(
∂vy

∂t
+ vx

∂vy

∂x
+ vy

∂vy

∂y
+ vz

∂vy

∂z

)
= −∂P

∂y
−

(
∂τxy

∂x
+

∂τyy

∂y
+

∂τzy

∂z

)
+ ρgy

(3.30)

ρ

(
∂vz

∂t
+ vx

∂vz

∂x
+ vy

∂vz

∂y
+ vz

∂vz

∂z

)
= −∂P

∂z
−

(
∂τxz

∂x
+

∂τyz

∂y
+

∂τzz

∂z

)
+ ρgz

(3.31)

Table 3.3: The equation of motion in rectangular coordinates.
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ρ

(
∂vr

∂t
+ vr

∂vr

∂r
+

vθ

r

∂vr

∂θ
− v2

θ

r
+ vz

∂vr

∂z

)
=

−∂P

∂r
−

(
1

r

∂

∂r
(rτrr) +

1

r

∂τrθ

∂θ
− τθθ

r
+

∂τrz

∂z

)
+ ρgr (3.32)

ρ

(
∂vθ

∂t
+ vr

∂vθ

∂r
+

vθ

r

∂vθ

∂θ
+

vrvθ

r
+ vz

∂vθ

∂z

)
=

−1

r

∂P

∂θ
−

(
1

r2

∂

∂r
(r2τrθ) +

1

r

∂τθθ

∂θ
+

∂τθz

∂z

)
+ ρgθ (3.33)

ρ

(
∂vz

∂t
+ vr

∂vz

∂r
+

vθ

r

∂vz

∂θ
+ vz

∂vz

∂z

)
=

−∂P

∂z
−

(
1

r

∂

∂r
(rτrz) +

1

r

∂τθz

∂θ
+

∂τzz

∂z

)
+ ρgz (3.34)

Table 3.4: The equation of motion in cylindrical coordinates.
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ρ

(
∂vr

∂t
+ vr

∂vr

∂r
+

vθ

r

∂vr

∂θ
+

vφ

r sin θ

∂vr

∂φ
− v2

θ + v2
φ

r

)
=

−∂P

∂r
−

(
1

r2

∂

∂r
(r2τrr) +

1

r sin θ

∂

∂θ
(τrθ sin θ)

+
1

r sin θ

∂τrφ

∂φ
− τθθ + τφφ

r

)
+ ρgr (3.35)

ρ

(
∂vθ

∂t
+ vr

∂vθ

∂r
+

vθ

r

∂vθ

∂θ
+

vφ

r sin θ

∂vθ

∂φ
+

vrvθ

r
− v2

φ cot θ

r

)
=

−1

r

∂P

∂θ
−

(
1

r2

∂

∂r
(r2τrθ) +

1

r sin θ

∂

∂θ
(τθθ sin θ)

+
1

r sin θ

∂τθφ

∂φ
+

τrθ

r
− cot θ

r
τφφ

)
+ ρgθ (3.36)

ρ

(
∂vφ

∂t
+ vr

∂vφ

∂r
+

vθ

r

∂vφ

∂θ
+

vφ

r sin θ

∂vφ

∂φ
+

vφvr

r
+

vθvφ

r
cot θ

)
=

− 1

r sin θ

∂P

∂φ
−

(
1

r2

∂

∂r
(r2τrφ) +

1

r

∂τθφ

∂θ
+

1

r sin θ

∂τφφ

∂φ

+
τrφ

r
+

2 cot θ

r
τθφ

)
+ ρgφ (3.37)

Table 3.5: The equation of motion in spherical coordinates.
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ρ

(
∂vx

∂t
+ vx

∂vx

∂x
+ vy

∂vx

∂y
+ vz

∂vx

∂z

)
= −∂P

∂x
+µ

(
∂2vx

∂x2
+

∂2vx

∂y2
+

∂2vx

∂z2

)
+ρgx

(3.38)

ρ

(
∂vy

∂t
+ vx

∂vy

∂x
+ vy

∂vy

∂y
+ vz

∂vy

∂z

)
= −∂P

∂y
+µ

(
∂2vy

∂x2
+

∂2vy

∂y2
+

∂2vy

∂z2

)
+ρgy

(3.39)

ρ

(
∂vz

∂t
+ vx

∂vz

∂x
+ vy

∂vz

∂y
+ vz

∂vz

∂z

)
= −∂P

∂z
+µ

(
∂2vz

∂x2
+

∂2vz

∂y2
+

∂2vz

∂z2

)
+ρgz

(3.40)

Table 3.6: The Navier-Stokes equation in rectangular coordinates, for fluids
of constant density ρ and constant viscosity µ.
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ρ

(
∂vr

∂t
+ vr

∂vr

∂r
+

vθ

r

∂vr

∂θ
− v2

θ

r
+ vz

∂vr

∂z

)
=

−∂P

∂r
+ µ

[
∂

∂r

(
1

r

∂

∂r
(rvr)

)
+

1

r2

∂2vr

∂θ2
− 2

r2

∂vθ

∂θ
+

∂2vr

∂z2

]
+ ρgr(3.41)

ρ

(
∂vθ

∂t
+ vr

∂vθ

∂r
+

vθ

r

∂vθ

∂θ
+

vrvθ

r
+ vz

∂vθ

∂z

)
=

−1

r

∂P

∂θ
+ µ

[
∂

∂r

(
1

r

∂

∂r
(rvθ)

)
+

1

r2

∂2vθ

∂θ2

+
2

r2

∂vr

∂θ
+

∂2vθ

∂z2

]
+ ρgθ (3.42)

ρ

(
∂vz

∂t
+ vr

∂vz

∂r
+

vθ

r

∂vz

∂θ
+ vz

∂vz

∂z

)
=

−∂P

∂z
+ µ

[
1

r

∂

∂r

(
r
∂vz

∂r

)
+

1

r2

∂2vz

∂θ2
+

∂2vz

∂z2

]
+ ρgz (3.43)

Table 3.7: The Navier-Stokes equation in cylindrical coordinates, for fluids
of constant density ρ and constant viscosity µ.
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ρ

(
∂vr

∂t
+ vr

∂vr

∂r
+

vθ

r

∂vr

∂θ
+

vφ

r sin θ

∂vr

∂φ
− v2

θ + v2
φ

r

)
=

−∂P

∂r
+ µ

(
∇2vr − 2

r2
vr − 2

r2

∂vθ

∂θ
− 2

r2
vθ cot θ

− 2

r2 sin θ

∂vφ

∂φ

)
+ ρgr (3.44)

ρ

(
∂vθ

∂t
+ vr

∂vθ

∂r
+

vθ

r

∂vθ

∂θ
+

vφ

r sin θ

∂vθ

∂φ
+

vrvθ

r
− v2

φ cot θ

r

)
=

−1

r

∂P

∂θ
+ µ

(
∇2vθ +

2

r2

∂vr

∂θ
− vθ

r2 sin2 θ

− 2 cos θ

r2 sin2 θ

∂vφ

∂φ

)
+ ρgθ (3.45)

ρ

(
∂vφ

∂t
+ vr

∂vφ

∂r
+

vθ

r

∂vφ

∂θ
+

vφ

r sin θ

∂vφ

∂φ
+

vφvr

r
+

vθvφ

r
cot θ

)
=

− 1

r sin θ

∂P

∂φ
+ µ

(
∇2vφ − vφ

r2 sin2 θ
+

2

r2 sin θ

∂vr

∂φ

+
2 cos θ

r2 sin2 θ

∂vθ

∂φ

)
+ ρgφ (3.46)

Table 3.8: The Navier-Stokes equation in spherical coordinates, for fluids of
constant density ρ and constant viscosity µ.
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3.3.3 The Rate of Deformation Tensor

Rectangular coordinates: γ̇ =




γ̇xx γ̇xy γ̇xz

γ̇yx γ̇yy γ̇yz

γ̇zx γ̇zy γ̇zz




=




2∂vx

∂x
∂vx

∂y
+ ∂vy

∂x
∂vx

∂z
+ ∂vz

∂x
∂vx

∂y
+ ∂vy

∂x
2∂vy

∂y
∂vy

∂z
+ ∂vz

∂y
∂vx

∂z
+ ∂vz

∂x
∂vy

∂z
+ ∂vz

∂y
2∂vz

∂z




Cylindrical coordinates: γ̇ =




γ̇rr γ̇rθ γ̇rz

γ̇θr γ̇θθ γ̇θz

γ̇zr γ̇zθ γ̇zz




=




2∂vr

∂r
1
r

∂vr

∂θ
+ r ∂

∂r

(
vθ

r

)
∂vr

∂z
+ ∂vz

∂r
1
r

∂vr

∂θ
+ r ∂

∂r

(
vθ

r

)
2

(
1
r

∂vθ

∂θ
+ vr

r

)
∂vθ

∂z
+ 1

r
∂vz

∂θ
∂vr

∂z
+ ∂vz

∂r
∂vθ

∂z
+ 1

r
∂vz

∂θ
2∂vz

∂z




Spherical coordinates: γ̇ =




γ̇rr γ̇rθ γ̇rφ

γ̇θr γ̇θθ γ̇θφ

γ̇φr γ̇φθ γ̇φφ




=




2∂vr

∂r
1
r

∂vr

∂θ
+ r ∂

∂r

(
vθ

r

)
1

r sin θ
∂vr

∂φ
+ r ∂

∂r

(
vφ

r

)
1
r

∂vr

∂θ
+ r ∂

∂r

(
vθ

r

)
2

(
1
r

∂vθ

∂θ
+ vr

r

)
sin θ

r
∂
∂θ

(
vφ

sin θ

)
+ 1

r sin θ
∂vθ

∂φ
1

r sin θ
∂vr

∂φ
+ r ∂

∂r

(
vφ

r

)
sin θ

r
∂
∂θ

(
vφ

sin θ

)
+ 1

r sin θ
∂vθ

∂φ
2

(
1

r sin θ

∂vφ

∂φ
+ vr

r
+ vθ cot θ

r

)



Table 3.9: The rate of deformation tensor in the three primary coordinate
systems.
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Rectangular coordinates:

ρCV

(
∂T

∂t
+ vx

∂T

∂x
+ vy

∂T

∂y
+ vz

∂T

∂z

)
= −

[
∂qx

∂x
+

∂qy

∂y
+

∂qz

∂z

]

−T

(
∂P

∂T

)
ρ

(
∂vx

∂x
+

∂vy

∂y
+

∂vz

∂z

)
−

[
τxx

∂vx

∂x
+ τyy

∂vy

∂y
+ τzz

∂vz

∂z

]

−
[
τxy

(
∂vx

∂y
+

∂vy

∂x

)
+ τxz

(
∂vx

∂z
+

∂vz

∂x

)
+ τyz

(
∂vy

∂z
+

∂vz

∂y

)]
(3.47)

Cylindrical coordinates:

ρCV

(
∂T

∂t
+ vr

∂T

∂r
+

vθ

r

∂T

∂θ
+ vz

∂T

∂z

)
= −

[
1

r

∂

∂r
(rqr) +

1

r

∂qθ

∂θ
+

∂qz

∂z

]

−T

(
∂P

∂T

)
ρ

(
1

r

∂

∂r
(rvr) +

1

r

∂vθ

∂θ
+

∂vz

∂z

)

−
[
τrr

∂vr

∂r
+ τθθ

1

r

(
∂vθ

∂θ
+ vr

)
+ τzz

∂vz

∂z

]
(3.48)

−
{

τrθ

[
r

∂

∂r

(
vθ

r

)
+

1

r

∂vr

∂θ

]
+ τrz

(
∂vz

∂r
+

∂vr

∂z

)
+ τθz

(
1

r

∂vz

∂θ
+

∂vθ

∂z

)}

Spherical Coordinates:

ρCV

(
∂T

∂t
+ vr

∂T

∂r
+

vθ

r

∂T

∂θ
+

vφ

r sin θ

∂T

∂φ

)

= −
[

1

r2

∂

∂r

(
r2qr

)
+

1

r sin θ

∂

∂θ
(qθ sin θ) +

1

r sin θ

∂qφ

∂φ

]

−T

(
∂P

∂T

)
ρ

(
1

r2

∂

∂r

(
r2vr

)
+

1

r sin θ

∂

∂θ
(vθ sin θ) +

1

r sin θ

∂vφ

∂φ

)

−
[
τrr

∂vr

∂r
+ τθθ

(
1

r

∂vθ

∂θ
+

vr

r

)
+ τφφ

(
1

r sin θ

∂vφ

∂φ
+

vr

r
+

vθ cot θ

r

)]

−
[
τrθ

(
∂vθ

∂r
+

1

r

∂vr

∂θ
− vθ

r

)
+ τrφ

(
∂vφ

∂r
+

1

r sin θ

∂vr

∂φ
− vφ

r

)

+τθφ

(
1

r

∂vφ

∂θ
+

1

r sin θ

∂vθ

∂φ
− cot θ

r
vφ

)]
(3.49)

Table 3.10: The equation of energy in terms of energy and momentum fluxes
in the three primary coordinate systems.
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Rectangular coordinates:

ρCP

(
∂T

∂t
+ vx

∂T

∂x
+ vy

∂T

∂y
+ vz

∂T

∂z

)
= k

[
∂2T

∂x2
+

∂2T

∂y2
+

∂2T

∂z2

]

+2µ




(
∂vx

∂x

)2

+

(
∂vy

∂y

)2

+

(
∂vz

∂z

)2



+µ




(
∂vx

∂y
+

∂vy

∂x

)2

+

(
∂vx

∂z
+

∂vz

∂x

)2

+

(
∂vy

∂z
+

∂vz

∂y

)2

 (3.50)

Cylindrical coordinates:

ρCP

(
∂T

∂t
+ vr

∂T

∂r
+

vθ

r

∂T

∂θ
+ vz

∂T

∂z

)
= k

[
1

r

∂

∂r

(
r
∂T

∂r

)
+

1

r2

∂2T

∂θ2
+

∂2T

∂z2

]

+2µ




(
∂vr

∂r

)2

+

[
1

r

(
∂vθ

∂θ
+ vr

)]2

+

(
∂vz

∂z

)2

 (3.51)

+µ




(
∂vθ

∂z
+

1

r

∂vz

∂θ

)2

+

(
∂vz

∂r
+

∂vr

∂z

)2

+

[
1

r

∂vr

∂θ
+ r

∂

∂r

(
vθ

r

)]2



Spherical Coordinates:

ρCP

(
∂T

∂t
+ vr

∂T

∂r
+

vθ

r

∂T

∂θ
+

vφ

r sin θ

∂T

∂φ

)

= k

[
1

r2

∂

∂r

(
r2∂T

∂r

)
+

1

r2 sin θ

∂

∂θ

(
sin θ

∂T

∂θ

)
+

1

r2 sin2 θ

∂2T

∂φ2

]

+2µ




(
∂vr

∂r

)2

+

(
1

r

∂vθ

∂θ
+

vr

r

)2

+

(
1

r sin θ

∂vφ

∂φ
+

vr

r
+

vθ cot θ

r

)2



µ




[
r

∂

∂r

(
vθ

r

)
+

1

r

∂vr

∂θ

]2

+

[
1

r sin θ

∂vr

∂φ
+ r

∂

∂r

(
vφ

r

)]2

+

[
sin θ

r

∂

∂θ

(
vφ

sin θ

)
+

1

r sin θ

∂vθ

∂φ

]2

 (3.52)

Table 3.11: The equation of energy for Newtonian fluids of constant density
and thermal conductivity in the three primary coordinate systems.
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