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3.3 Key Equations

3.3.1 Expanded forms of the Continuity Equation

Rectangular coordinates:

dp 0 0 0
e + %(pvx) + é(pvy) + @(pUZ) =0

Cylindrical coordinates:

op 1

0
T + TE(PT%) + ;—(Pve) + —Z(Pvz) =0

Spherical coordinates:

1

0 :
pugsin 6) + mﬁ_qﬁ(p%) =0

rsin@%(

Table 3.1: The equation of continuity in the three primary coordinate sys-
tems.
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Rectangular coordinates:

v, n % n ov,
Jdr Oy 0z

Cylindrical coordinates:

10 10vy Ov, B
car )t g T g =0
Spherical coordinates:
10, , 1 0 , L Ovy
ﬁg(r o) + rsin@%@esme) * rsinﬁa—(b =0

Table 3.2: The equation of continuity for fluids of constant density in the
three primary coordinate systems.
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3.3.2 Expanded forms of the Equation of Motion

Ov, OV, ov, ov, oP OTpe  OTye  OTug
p Ml R e +

ot or Ty T or \or oy T az>+pgﬂ”
(3.29)

) <8vy v, v, dvy > _or <87'$y N Ty, N 0Ty

at e Ty T oy \or Ty "o ) TP
(3.30)

avz+v%+v%+v% __87P_ asz+87yz+8Tzz .
P\ar "% 0r ey "0 )T Ta: \ar oy a2 ) P
(3.31)

Table 3.3: The equation of motion in rectangular coordinates.
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a U ar T T T

p (8% ov, vy ov,  v3 3UT>

8P 1 8 187’,«9 Too 87’Tz
“ar (?Wﬂr”; o0~ o ) Teg (332)

ot "0 00 0
10P 1o, , 10799~ 07
0 (ﬁa—(r ) 20 T 8. ) + Pgo (3.33)
v, + % + %avz + % —
P\ae "% ar T a0 T as ) T
aP 1 a 187—9,2 a7—2:23
B - 34
0z <r 87'007%) * r 00 + 0z ) + P (3.34)

Table 3.4: The equation of motion in cylindrical coordinates.
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c%r_H}%_l_@avr Vg Gvr_vg—f—vq% B
P\ a1 " or r 00  rsinf 0¢ r N

oP (10, 10,
o (a( e op )
1 8TT¢ 7'99+7'¢¢
+7’sin9 oo ’ + pgr (3.35)

E—H}r or + r 00 rsin98—¢ r r

ov, Ovg vy OV, vy Ovg  vvp vicotd
p( 0 o VO Vg o Ul t )

1oP (10, 1 |
o0 <T—25(r Tro) + rsin@%(mg sinf)

1 87'9¢ Tro cot 6
+rsin88—gb Ty e P9 (3.36)

Ovg Ovg g Ovy Ve OVy Vgl  VgUg
. — t0) =
(875 v or r 00 +rsin(9 8gb+ r + r 0

1 8P 1 8 2 107’9¢ 1 8’7'(;5(;5
rsinf 0¢ <r2 or (o) + r 00 + rsinf 0¢
T 2cot 0
~t+ Te¢> + pgs (3.37)

Table 3.5: The equation of motion in spherical coordinates.
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O, N v, N v, N dug\ _8_P+ 0%, N 0%v, N 0%*v, N
P\t "% 0r "oy "% a2 )T Tar H\ a2 T oy T a2 ) TP
(3.38)
oy Ovy  Ovy o Ouy\ o OP (0%, Oy | O,
p(at”xax”yay T )T Ty T o T T e ) TP
(3.39)
%4_ %—F %4_ % —_a_P+ 8zvz+82vz+82vz +
P\t "% ar "oy "0z ) T "o TH\ a2 T a2 T a2 ) TP
(3.40)

Table 3.6: The Navier-Stokes equation in rectangular coordinates, for fluids
of constant density p and constant viscosity .
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o o T a0 T Vo
oP M[E)(l@ > 1 0%, 20v, 0%,

p (3% ov, @(%T v3 87%) B

TR 2o o2

o + ar ;E(TUT) ] + pgr(3.41)

E—i_vrﬁr +789 + T +”Zaz

10P 0 (10 1 9%y
e e

) (8”09 dvg v Oug | U %) _

r 00 or \ror r2 002
2 Ov, 0%y
+ﬁ 90 -+ ({922] + P40 (342)

ov, n v, N vy ov, N %
Plat " ar T ae T
oP ll 0 ( 81)2) 1 0%v, 0?0,
T

- - —— . A4
0z * ror \| or * r? 062 * 82‘21 +rg (343)
Table 3.7: The Navier-Stokes equation in cylindrical coordinates, for fluids

of constant density p and constant viscosity .
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((%r ov, vy Ov, vy Ovy vE + Ui)
P - =

at " or + 7 00 ' rsind 0 r
oP , 2 2 Ovy 2
_ar“‘ﬂ(z Uy ivr—ﬁ%—ﬁUQCOte
2 (%d,
— —_— 44
r2sin 6 ng) P (344)

(91)9 81)9 Vg 8v9 Vg (%9 VU ’U; cot 6 o
p<8t+vr0r+r(90+rsin68¢+ r r B
10P 9 2 Ov, Vg
r o0 e (Z vt 290  r2sin?0
2cosf Ov,
_—7,,2 Sin2 9 a—¢> + pg@ (345)

Ovy Ovy v Ovy Vy OUp  VgUp Vgl
— to| =
p(@t + o or r 00  rsinf 0¢ + r * r 0

B Ly N S L
rsinf ¢ P97 220 T 2sing 0¢p
2cost Ouvy

Z-e 3.46
+7“2 sin? @ 0¢ ) + P9 ( )

Table 3.8: The Navier-Stokes equation in spherical coordinates, for fluids of
constant density p and constant viscosity p.
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3.3.3 The Rate of Deformation Tensor
Rectangular coordinates: ¥ = | Yo Yy V=
28’Uw 87)1 _|_ a’”y 8’1}1 _I_ 6Uz
o 87_}1 GL 61} 81} avz
Fow o T Sy
8vz 4 sz 3Uy + Ovz 2%
Yrr Vro fyrz
Cylindrical coordinates: = | Yo Yoo Vo=
/.y,zr 729 ’YZZ
Ovr. l 0 (ve B”UT 81;2
2% T ;T 8 < rg) +
— 1 dv, 0 (v 1 0v Uy Bv 1 B’UZ
=% 8+T8(7‘9) 2Fa_e)g+a7 0: o
vr vz v 1 Ov, N
+ 2 T ro0 2%
/.yrr ;YTH 77‘(}3
Spherical coordinates: 5 = | Jo Jo0 Vo
Yor Voo Voo
Ovy 1 Ov,- 0 (v 1 Ov, 0 (Vg
2o P g (%) s e (%)
1 Ovy 0 (v 10v VU sinf 9 Vg 1 Ov
r 00 + "or (79) 2 ;8709 + 7) r 89 (sm9) + rsin 0 8(159
1 Ovr 0 (ve sinf 0 [ V¢ 1 Ovg vr v cot@
rsin@ 0¢ +T8r (r ) r 00 sin9) + rsinf ¢ 2 rsm@ 8¢> + + )

Table 3.9: The rate of deformation tensor in the

three primary coordinate
systems.
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Rectangular coordinates:

oT oT 8T ory dq, 0Oqy 0q.

pCV(at”‘”a Ty T (9,2)_ l0x+8y+8z]
-T a_P avx+%+avz —|r %—1—7' %+7—%
oT ) or 0Oy 0z * Ox Y oy 0z

Ov,  Ovy Oov,  Ov, (‘%y ov,
_[Txy<a +8x>+ gjz<$+ax>+7—yz<a ay)] (3.47)

Cylindrical coordinates:

<8T OT vy OT 8T> ll 0 1 dgy aqzl
pCy =

o or T rae T s rar T T 0 T

oP 10 10vy Ov,
- (8T> (Mr(”’rH % - )
— [Trr o + Too— <% + v > + TZZ%] (3.48)

or 00 0z
_ g<%>_’_lavr + %+8UT + lavz_f_%
7o T@T r r 00 Tr= or 0z 702 r 00 0z

Spherical Coordinates:
8T 8T Vo 8T V¢ 8T
pCV((?t Uror T r 89+rsin98—¢>>

- 1 2 1 0 1 8q¢
B [738 (rqr)—i_rsmﬁaﬁ(gsme) rsinf d¢

oP 10 1 0 1 Ovy
T(@T) <T28 ( U)+r81n98«9 (vo sin 6) + rsin¢90_¢>
B (‘)vr_i_ 101}9 v 1 %_‘_&_’_vgcot@
gy 00 89 99\ 1 sin @ dp — r r
Ovg 10v, vy vy 1 Ov. vy
lTr9<6r+T80 r>+ <6T+Tsin96¢> r

1 8% 1 Ovy cotl
t700 ( 00 * rsin98_¢ B T%ﬂ (3-49)

Table 3.10: The equation of energy in terms of energy and momentum fluxes
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Rectangular coordinates:
. 8_T+ 8T+ 8T 8T o 82T+82T+82T
PPP\ar T %0r T oy T ez ) TV a2 T a2 T 922

() (5 ()]

+2p

ox
Ov,  Ov, ov, Ov, 2 ov,  Ov, 2
+ (a + &L’) + (az + aiL‘> + <32 + ay) (350)

Cylindrical coordinates:

orT or 098T+ 8_T>

o (0T 0T 12T  0°T
PP\ Ty T 00 T 0

N ‘9— L 19T,
ror r2 002 022

ov, Ovy ? v,
W{(ar) +[ (89 )] +( )} (351)
. % . lavz 2 L Ovz 8"0, 1 &Jr ’Ug) 2
dz r 0f r 89 r
Spherical Coordinates:
orT ol wvg 0T vy OT
pOP(@t v r@ +7% rsin@é’qﬁ)
=kl 2o "o ) T esmeae 006 | T reeze EYE
49 8"0, N 18v9+_ 2+ 1 8v¢+ ,,_i_vecot@ 2
1\ ar r 00 rsinf 0o r

2<vg)+1ﬁvr 2+ 1 8vr+ 2(&) 2
11" r 00 rsinf 0¢ " r

or
sinf 0 [ vy 1 Oul”
* [ r 00 <sin9> * Tsinﬁﬁ—gb] } (3.52)

Table 3.11: The equation of energy for Newtonian fluids of constant density
and thermal conductivity in the three primary coordinate systems.
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